Classification of Multivector Theories and the Modification of the
  Postulates of Physics by Pezzaglia, William M.
ar
X
iv
:g
r-q
c/
93
06
00
6v
1 
 3
 Ju
n 
19
93
CLASSIFICATION OF MULTIVECTOR THEORIES AND THE
MODIFICATION OF THE POSTULATES OF PHYSICS
WILLIAM M. PEZZAGLIA JR.
Department of Mathematical Sciences
St. Marys College of California
PO Box 3517
Moraga, CA 94575
U.S.A.
Abstract.
We propose a graded classification of the entire field of multivector physics, including all alter-
native points of view. The (often tacit) postulates of different types of formulations are contrasted,
summarizing their consequences. Specifically, spin-gauge formulations of gravitation and GUT
which assume standard column spinors will require unnecessarily large matrix algebras. An ex-
treme generalization is introduced, where wavefunctions are assumed to be multivectors, in which
multiple generations of particle families naturally appear without increasing the size of the alge-
bra. Further, this allows for two-sided (bilateral) operators, which can accomodate in excess of
10 times more gauge fields without increasing the algebraic representation. As this generalization
encompasses all the essential features of the other categories, it is proposed to be the best path to
new physics.
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1. Introduction
Collectively, all work in this field can be divided into two broad categories: Math-
ematics and Physics (and the relationships between these disciplines). Before we
concentrate on the latter, we note that the former can be further subdivided into
two areas, Algebra and Analysis. The structure of Clifford algebra, its relation to
other systems (e.g. Grassmann, Lie or Cayley algebras) is the concern of an alge-
braist with an ultimate goal of creating a single unified math language based on
geometry. The analyst is concerned with the calculus of functions of multivectors,
with the potential of providing coordinate-free formulations of fields in curved space-
time.
In contrast, only a small minority of published papers actually address the role of
using Clifford Algebras in physical models. The category of multivector physics can
be subdivided into two areas, Philosophy and Formulation. Generically, the former
is concerned with guiding principles, which has been ignored by all but a few au-
thors. This is unfortunate because basic postulates can not be deduced from logical
reasoning or pure math (e.g. from the Clifford algebra). There has been more atten-
tion to formulation, i.e. the association of physical phenomena with mathematical
symbols, however no ”new” physics will be obtained by applying Clifford algebra
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while tacitly assuming the old postulates.
The intent of this paper is to focus more upon the different underlying philoso-
phies involved in how multivector physics are formulated. We introduce two broad
classifications for comparison and contrast, organized along classic greek lines, the
Platonistic and Aristotelian.
2. Platonistic
Generally, standard theory has the classical Platonistic view that abstract math-
ematical entities exist. We are forbidden (due to the imperfection of physical ex-
istence) to directly experience (i.e. ”measure”) these ideal forms (e.g. ”quantum
phase”). They are only knowable through mathematical formulation. The physical
structure of space is hence really mathematical structure in disguise.
2.1. Standard Theory
Specifically, in quantum mechanics the fundamental structure of ”real” particles is
represented by abstract multicomponent spinors which exist in transcendental com-
plex spin space, which has no concrete physical analog. The unobservable nature
of spin space is built into the postulates of quantum mechanics, wherein the wave-
function’s ”phase” angle (in complex phasor space) is ordained to be unmeasurable.
Hence the theory (e.g. the Lagrangian) must be formally invariant with respect to
changes in phase, which are generated by the U(1) Lie group. This symmetry gauge
transformation induces (via Noether’s theorem) bilinear covariant forms independent
of the unobservable phase. Obeying a conservation law, these forms are associated
via the correspondence principle with concrete measurable quantities (e.g. ψ†ψ is
the observable probability density).
Requiring the formulation to be invariant under local changes in phase (different
at each point in space) is called the principle of local gauge invariance. Through
an inductive generalization called minimal coupling, a gauge covariant derivative is
induced which contains a connection function interpreted to be the electromagnetic
4-vector potential. The curvature of this connection is the electromagnetic field
strength tensor, whose source is found to be the bilinear covariant current induced
by the gauge transformation on the Lagrangian.
Requiring invariance with respect to larger non-abelian symmetry groups induces
other gauge fields e.g. ”gluons” from SU(3). The emphasis of modern physics
has shifted to choosing the right ”magical” symmetry group of the universe which
will correctly describe the known four fundamental forces in one ”unified theory”.
Generally the group is expressed as a complex matrix which operates on the column
spinor wavefunction. The size of the representation induces the number of degrees of
freedom in the ”spinor-space”, which in order to incorporate all the known fermions
must unfortunately be in excess of 90.
2.2. Operationalist
The most conservative use of Clifford Algebra in quantum physics is to view its
elements only as abstract operators on a spinor space. Only those symmetry groups
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which are embedded within a global Clifford algebra are to be considered for gauge
field generators. Unfortunately this restricts one to groups such as SU(2d), where d
is an integer, eliminating the standard SU(3) and SU(5) [except as subgroups of a
larger algebra]. Further, since the representation size is restricted to 2d, this forces
global multispinors of either probably two few (64) or too many (128) components
for the estimated 90 or 96 known degrees of freedom needed to represent all the
fermions of the standard model.
One argument for using Clifford algebra is that it naturally appears in relativistic
quantum mechanics. Four mutually anticommuting algebraic entities were required
to factor the Klein-Gordon equation to the first order Dirac equation. These four
elements generate the 16 element Majorana algebra, which has the lowest order
representation of 4 by 4 matrices, inducing 4 component bispinor wavefunctions.
These bispinors successfully correspond to a Dirac fermion (e.g. electron) with
”half-integral spin”. In order for the formulation to be generally covariant, the 4
basis generators obey the defining condition of a Clifford algebra, 12{γµ, γν} = gµν =
eµ • eν where eµ is a coordinate basis vector (not part of a Clifford algebra). Hence
the γµ can be determined from the Riemann space metric gµν up to a similarity
transformation, γ′µ = SγµS
−1, i.e. a change in matrix representation, called a spin
transformation.
Spin gauge theories [1] invoke the principle of local representation invariance,
i.e. require the theory to be invariant under similarity transformations which are
a function of position. This induces a spin covariant derivative ∇µ where the spin
connection: Ωµ = Ω
i
µΓi (Fock-Ivanenko coefficient) is interpreted to be a Clifford
aggregate (Γi is an element of the algebra) of new spin gauge fields,
ψ′ = Sψ, (1a)
∇µψ
α = ∂µψ
α +Ω αβµ ψβ , (1b)
Ω′µ = SΩµS
−1 + (∂µS)S
−1, (1c)
Kµν = [∇µ,∇ν ] = Ωµ;ν − Ων;µ + [Ωµ,Ων ] = K
i
µνΓi, (1d)
γν;µ − [Ωµ, γ
ν ] = 0 (1e)
The last equation, requiring the spin covariant derivative of any element of the
Clifford algebra to vanish is arbitrarily imposed. It is a sufficient (but not necessary)
condition to insure gµν;α = 0, i.e. the coordinate covariant derivative of the metric
to vanish defining a Riemann space. If it is desired that γν;µ is grade preserving, then
the spin connection, and the resulting field strength tensor Kµν must be a bivector
(or the commuting center of the algebra).
2.3. Structuralist
The connection between abstract spin space and tangible coordinate space can be
made more clear if we propose a geometric structure to spin a space. A spin transfor-
mation can now be associated with a change of spin basis. A spin vector Ψ = ψαξα
will be manifestly invariant, where the basis spin vectors ξα and spinor components
ψα will be modified by the transformation. The Fock-Ivanenko coefficients Ω αβµ , are
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now interpretable as the spin space analogy of the Christoffel symbols, describing
how the spin vectors change with position in coordinate space, ∂µξα = ξβΩ
β
µ α. A
non-vanishing field strength tensor Kµν (eq. 1d) is now interpretable as intrinsic
spin space curvature. If one demands that the spin metric ηαβ = η
∗
αβ = ξα
†ξβ be
coordinate independent then it follows that the spin connection must be restricted
Ω†µ = −Ωµ. In the particular case of Minkowski spacetime with the associated Majo-
rana Clifford algebra the spin connection would be restricted to Dirac bar-negative
elements, the vectors and bivectors, which are generators of the Poincare group.
Hence it is tempting to pursue this as a gauge derivation of gravity [2].
An element γµαβ of the matrix Clifford algebra is viewed as a second rank spinor.
The manifestly spin representation independent bilinear form eµ = ξαγ
µ
αβξβ
† can be
concretely interpreted as the observable basis vector of Riemann space. This forces
a relationship between spin and coordinate space, in particular eq. (1e) is built into
this definition. More importantly, this will force a decomposition of the spin gauge
field when the Clifford gradient replaces the standard in Lagrangians and equations
of motion. For example, consider the non-relativistic Pauli-Schrodinger equation
for a two-component spinor. The associated Clifford geometry of three dimensional
space is the Pauli algebra. The generators of the unitary spin transformations form
the U(1) ⊗ SU(2) group with elements Γj = {i, iσ1, iσ2, iσ3}. The induced spin
connection Ωµ = Ω
k
µΓk = iAµ+iσkZ
k
µ apparently contains the usual electromagnetic
vector field Aµ plus three other vectors [3]. However, it is σ
k∇k that appears in the
Lagrangian (and hence equation of motion) which forces a decomposition of the
gauge fields,
−iσk∇k = −i∇+A+ φ+ iC, (2a)
A = Akσk, (2b)
φ = Zkk , (2c)
Cn = ǫjknZjk. (2d)
Apparently the symmetric part of the spin field Zjk does not directly couple to the
particle! The remaining components enter as scalar and pseudovector interactions
(e.g. analogous to f0 and f1 mesons respectively). The sources of these fields will
be spin currents; in particular it is interesting to note that the scalar field φ couples
to the helicity density: Jφ = iψ
†σk∂kψ .
3. Aristotelian
In contrast, consider an Aristotelian view that abstract entities (e.g. spin space) do
not exist, rather the structure of particle fields is (represented by) tangible physical
geometry. Both operators and structure will be described by a single unifying,
geometrically interpretable Clifford Algebra. We make a distinction as to the degree
by which the theory is committed to the full exploitation of the geometric algebra.
3.1. Pragmatism
The pragmatist notes that restricted combinations of the algebra called minimal
ideals can be used to replace the column spinor. For example, in the Pauli equation
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the basis spin vectors of a two component spin space could be replaced by ξ2 = σ1ξ1
and ξ1 =
1
2 (1 + σ3). The quadratic form of the wavefunction ψ
†ψ may no longer
be a real scalar, but have other geometric pieces, however the pramatist does not
feel obligated to utilize these extra pieces. In fact, he may restrict the geometric
content of the wavefuntion such that the non scalar portions disappear. For example,
consider a Dirac-Hestenes equation of the form γµ∂µψ = mψΓ, where Γ, is an
element of the algebra such that Γ2 = +1 if in the (− + ++) metric, else Γ2 = −1
for the (+ − −−) metric). For Γ˜ = −Γ, (the tilda represents the reversion anti-
involution) the multivector current equation is,
∂µ = m[ψ˜ψ,Γ], (3a)
jµ = ψ˜γµψ = sµ + T µνγν + ρ
µγ0γ1γ2γ3. (3b)
For a unrestricted multivector wavefunction ψ only the scalar current sµ is conserved,
so the pragmatist could interpret it as an observable and ignore the parts of eq. (3b)
by taking the scalar part of eq. (3a). Alternatively, he would restrict the form of
the wavefunction such that the commutator of eq. (3a) vanishes, hence all three of
the currents of eq. (3b) are conserved and hence interpretable as observables.
Such formulations tend to be calculationally isomorphic to standard theory, hence
one can argue that it is mere reformulation. One can adopt a ”minimalistic” princi-
ple, where the formulation uses the least number of geometric degrees of freedom to
represent the phenomena. Hence the postulates of quantum mechanics are mildly
challenged in that for example there is no imaginary ”i” present in the 4 dimen-
sional real Clifford algebra. Specifically the standard bias that the ”i” is required
for charged fields is clearly not true.
3.2. Radicalism
In contrast, the Radicalist holds to the extreme position that in formulation we are
ontologically committed to use and interpret EVERY geometric degree of freedom
within the given dimension of the space. For example, consider the multivector
Dirac equation γµ∂µψ = mψ (only in the − + ++ metric) which has Greider [4]
multivector current,
∂µj
µ = 0, (4a)
jµ = ψ¯γµψ = T µνγν +M
µαβγα ∧ γβ , (4b)
where the Dirac ”bar” operator is the main algebra anti-involution (reversion fol-
lowed by inversion of the basis vector elements).
In contrast to eq. (3a), each part of the Greider current is conserved (and hence
interpretable as an observable) without any restriction on the wavefunction ψ. Hence
the general multivector wavefunction is no longer constrained to be a minimal ideal
describing one particle, but contains multiple generations of particles [5]. This gen-
eral structure may violate the standard Fierz identities [6], and introduce new quan-
tum (hidden?) parameters. A Lagrangian constructed of the general multivector
wavefunction may have non-scalar parts, which could contribute in the path integral
formulation of quantum mechanics.
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Now allowable dextral (right-side applied)[6] operators on the wavefunction must
be included, which brings a challenge to the postulate of compatible observables.
Two operators may not commute but will represent compatible observables if one
is a dextral operator while the other a sinistral one (left-side applied, e.g. a spin-
transformation). Further, the same operator when applied to the right has an en-
tirely different physical effect (observable) than when applied on the left. For exam-
ple, in the Pauli algebra, the spin would be given by Sj = SP (ψ
†σjψ) = SP (ψψ
†σj)
while the isospin by Tj = SP (ψ
†ψσj) = SP (ψσjψ
†). The SP notation means to
take the scalar part (matrix trace) as the fundamental bilinear covariant form ψ†σjψ
will in general no longer be a pure scalar, but a multivector. Each piece of such a
multigeometric current must be given interpretation; we cannot just pick the ones
we like and exclude the rest. In particular, we have to consider new bilateral currents
[6] of the form Rjk = SP (ψ
†σjψσk) = SP (ψσkψ
†σj).
Finally one needs to address a generalized principle of geometric covariance,
which considers left, right and both-sided operations on the wavefunction. This
will give interactions which couple to both the right and left side of the multivector
wavefunction. The generalized bilateral multivector covariant derivative would have
the form,
∇µ(ψ) = ∂µψ +Ω
αβ
µ ΓαψΓβ , (5a)
[∇µ,∇ν ](ψ) = K
αβ
µν ΓαψΓβ . (5b)
This poses several difficulties in formulation which have yet to be fully addressed.
For example, eq. (1d) will not give the correct field strength tensor of eq. (5b) be-
cause of the necessity of operating on both sides of the wavefunction. However, it
is apparent that far more number of gauge fields can be represented in this way
for a given dimension Clifford algebra than for the spin-gauge type theory. For
example, in the particular case of the multivector Dirac equation in Majorana al-
gebra, it was earlier argued that spin gauge theory would yield 10 fields (from the
bar-negative vectors and bivectors of the Clifford group). The general bilateral con-
nection of eq. (5a) implies 16x16=256 possible fields. It has been shown [7] that 136
of these can be interpreted as describing all the known spin 0 and 1 light unflavored
mesons. Geometric constraints between spin and isospin suppresses the remaining
120 couplings, which exactly corresponds to those mesons forbidden by the standard
model (which must appeal to the requirement of antisymmetry of a composite quark
wavefunction).
4. Summary
The last category is the most general, containing all the previous categories as sub-
sets. It is hence a prototype for the full exploitation of Clifford algebra in a physical
formulation. Further it allows for a broadening of the postulates of physics (n.b.
quantum mechanics) beyond mere reformulation.
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